This paper belongs to Experimental mathematics. We make computations through the LiE software to compare tensor product of irreducible selfdual representations of the special linear group with those of classical groups to formulate some questions relating the two. In the process a few other phenomenon present themselves which we
INTRODUCTION
There is by now a well-known theory relating irreducible, finite dimensional representations of a group such as SL 2n (C) which are selfdual, equivalently, invariant under the outer automorphism g → θ(g) = t g −1 , with irreducible, finite dimensional representations of Spin 2n+1 (C), call this correspondence π SL ↔ π Spin , which has the following character relationship relating character of the representation π of SL 2n (C) extended to SL 2n (C) ⋊ θ on the disconnected component with character theory of Spin 2n+1 (C): Θ(π SL )(t · θ) = Θ(π Spin )(t ′ ); 1991 Mathematics Subject Classification. Primary 11F70; Secondary 22E55. here the map t → t ′ is a surjective homomorphism from, say the diagonal torus T in SL 2n (C) to the corresponding diagonal torus T σ in Spin 2n+1 (C) with kernel the subgroup of T given by t/σ(t), where σ is the involution on T ⊂ SL 2n (C) given by (t 1 , t 2 , · · · , t 2n ) → (t −1 2n , · · · , t −1 2 , t −1 1 ). We refer to the paper [KLP] for the general context of a group together with a diagram automorphism where such character relationships can be proved.
The paper was conceived to understand the decomposition of the tensor products of two selfdual representations π SL 1 and π SL 2 of SL 2n (C) versus corresponding decomposition of the representations π Spin 1 and π Spin 2 of Spin 2n+1 (C). It is easy to see -and has been observed by others, see for example [HS] , as well as Theorem 5.6 in [H] -that for any representation π Spin 3 ⊂ π Spin 1 ⊗ π Spin 2 , of Spin 2n+1 (C), appearing with multiplicity m(π Spin 3 , π Spin 1 ⊗ π Spin 2 ) = 0, we have:
π SL 3 ⊂ π SL 1 ⊗ π SL 2 , for the representations of SL 2n (C), appearing with multiplicity m(π SL 3 , π SL 1 ⊗ π SL 2 ) = 0. However, what came as quite a bit of surprise, after much computer assisted checks, that the converse of the above assertion, i.e., m(π Spin 3 , π Spin 1 ⊗ π Spin 2 ) = 0 ⇐⇒ m(π SL 3 , π SL 1 ⊗ π SL 2 ) = 0, holds, or rather, almost holds, which egged our curiosity on, and in the process we hope we have found something of some interest.
RELATING MULTIPLICITIES
Let G be a connected reductive algebraic group over C. Assume that σ is a diagram automorphism of G of order 2. Thus we assume that (B, T, S) is a fixed Borel subgroup B in G, containing a maximal torus T , and with S a fixed pinning on B, which is an identification of each simple root of T on the Lie algebra of B with the additive group C, and that (B, T, S) is left invariant under σ.
Suppose that π is an irreducible representation of G which is invariant under σ, and thus extends to a natural representation ofG = G ⋊ σ by demanding that the action of σ on the highest B-weight of π is trivial. Denote the representation ofG so obtained as π. The representationπ ofG gives rise to an irreducible representation of the group G σ constructed in [KLP] that we will call π ′ , such that:
where t ∈ T and t ′ is the image of T under the natural surjective map from T to T σ , which is a maximal torus in G σ , and is the maximal quotient of T on which σ operates trivially.
The following proposition is due to [HS] , see also Theorem 5.6 in [H] , and Remark 1.3 in the introduction of [H] .
Proposition 1. Suppose that π 1 , π 2 , · · · , π n are irreducible representations of G which are all invariant under σ, giving rise to irreducible representationsπ 1 ,π 2 , · · · ,π n ofG, as well as representations π ′ 1 , π ′ 2 , · · · , π ′ n of G σ . Let m(π 1 , π 2 , · · · , π n ) be the multiplicity of the trivial representation of G in π 1 ⊗ π 2 ⊗ · · · ⊗ π n , m(π 1 ,π 2 , · · · ,π n ) be the multiplicity of the trivial representation ofG inπ 1 ⊗π 2 ⊗ · · · ⊗π n , and m(π ′ 1 , π ′ 2 , · · · , π ′ n ) be the multiplicity of the trivial representation of G σ in π ′ 1 ⊗ π ′ 2 ⊗ · · · ⊗ π ′ n . Then, 2m(π 1 ,π 2 , · · · ,π n ) = m(π ′ 1 , π ′ 2 , · · · , π ′ n ) + m(π 1 , π 2 , · · · , π n ). Proof. Decompose the tensor product of the representations:
(1)π 1 ⊗π 2 ⊗ · · · ⊗π n = m(π)π,
where π runs over all irreducible representations of G. Since each of the representations π i is invariant under σ, so is their tensor product, thus we can write the equation (1) as:
(2)π 1 ⊗π 2 ⊗ · · · ⊗π n =
In equation (2), both sides are representations ofG = G ⋊ σ . In the first sum on the right side of the equality, m(π)π can be replaced by M(π)π where M(π) is the πisotypique piece in the tensor product of dimension m(π) which carries the action of σ. (If π| G is irreducible, then there are two distinct irreducible representations ofG:π andπ ⊗ ǫ where ǫ is the sign character ofG, which have the same restriction to G.) Calculating the character of the representations appearing on the left and on the right hand side of equation (2) at elements of the form t · σ ∈ T ⋊ σ ⊂ G ⋊ σ , using equation (0) with t ′ = t/σ(t) ∈ T σ , we find that:
where tr[σ M(π)] denotes trace of the action of σ on M(π). If in the tensor product π 1 ⊗π 2 ⊗· · ·⊗π n ofG = G⋊ σ , we have m copies of the trivial representation ofG, and n copies of the sign character ofG, it follows from equation (3) and linear independence of irreducible characters of G σ that: m(π ′ 1 , π ′ 2 , · · · , π ′ n ) = m − n = 2m − (m + n), with m = m(π 1 ,π 2 , · · · ,π n ) (m + n) = m(π 1 , π 2 , · · · , π n ), proving the proposition.
Corollary 1. With the notation as above, m − n = m(π ′ 1 , π ′ 2 , · · · , π ′ n ) ≤ m(π 1 , π 2 , · · · , π n ) = m + n, and m(π ′ 1 , π ′ 2 , · · · , π ′ n ) ≡ m(π 1 , π 2 , · · · , π n ) mod 2. In particular, if m(π 1 , π 2 , · · · , π n ) ≤ 1 then m(π ′ 1 , π ′ 2 , · · · , π ′ n ) ≤ 1, and m(π ′ 1 , π ′ 2 , · · · , π ′ n ) = m(π 1 , π 2 , · · · , π n ).
Remark 1. The Proposition 1 above has essentially the same formulation as Proposition 2.1 in [Pr] although Proposition 2.1 in [Pr] appears to be more general in that it applies to a general pair (G, H) of algebraic groups over finite fields, whereas in our Proposition 1, we have shied away from formulating it for general pairs, such as (GL n+1 , GL n ) since no diagram automorphism preserves such pairs, and have contented ourselves to have a formulation only for (G × · · · × G, ∆G).
REVIEW OF THE GROUP G σ
In this section we follow [KLP] to discuss the relationship between representations of the groups G and G σ which requires first a review of the group G σ .
Fix a Borel subgroup B of G and a maximal torus T contained in B. Let X be the character group of T , Y the co-character group of T . Let R ⊂ X be the set of roots of T in G, R + the set of positive roots defined by B and Π = {α i : i ∈ I} the set of simple roots in R + . For each i ∈ I, letα i ∈ Y be the corresponding co-root. Thus (Y, X,α i , α i , i ∈ I) is the root datum for G. For i ∈ I, let x i : C → G, y i : C → G be a pinning on G corresponding to root spaces α i , −α i . Now we assume that the automorphism σ of G preserves B, T , and there is a permutation i → σ(i) on the index set I such that σ(x i (a)) = x σ(i) (a), and σ(y i (a)) = y σ(i) (a) for a ∈ C.
Set,
We note that the natural perfect pairing −, − : Y × X → Z induces a perfect pairing −, − : Y σ × σ X → Z; more precisely, if j : Y → Y σ , and ι : σ X → X, then,
for all a ∈ Y, b ∈ σ X. Let I σ be the set of σ-orbits on I. For any η ∈ I σ , letα η be the image ofα i under Y → Y σ where i is any element of η. For any η ∈ I σ , let α η = 2 h i∈η α i ∈ σ X where h is the number of unordered pairs i, j ∈ η such that α i + α j ∈ R. We have h = 0 unless G is of type A 2n , when h = 0 for all but one, and h = 1 for one simple root.
The following proposition is proved in [KLP] .
All the above preliminaries recalled from [KLP] were done for the purpose of the following proposition which is of basic importance when we make the explicit computations using LiE software.
Proposition 3. For i ∈ I, let ̟ i be the fundamental dominant weight for G (defined by the property α j , ̟ i = δ i,j ). Similarly, for η ∈ I σ , let ̟ η be the fundamental dominant weight for G σ (defined by the property α η , ̟ η ′ = δ η,η ′ ). Then, under the inclusion of σ X ⊂ X, we have:
Proof. It suffices to prove that
which is just equation (1) above together with the fact that α i , ̟ η ≥ 0, and belongs to Z.
AN EXAMPLE OF TWISTED CHARACTER
A consequence of the Proposition 3 for the pair (G, G σ ) = (SL 2n (C), Spin 2n+1 (C)), is that the fundamental representation Λ i (C 2n+1 ), i ≤ n − 1 of Spin 2n+1 (C)) goes to the selfdual representation of SL 2n (C) of highest weight ̟ i +̟ 2n+1−i where ̟ i is the highest weight of the irreducible representation Λ i (C 2n ) of SL 2n (C), and the spin representation (a fundamental representation of Spin 2n+1 (C) of dimension 2 n ) goes to the representation Λ n (C 2n ) of SL 2n (C). We discuss this last case as an example relating an irreducible representation of a group G invariant under a diagram automorphism σ with an irreducible representation of G σ through the twisted character identity.
Thus our example will be for the group G = SL 2n (C) realized on its natural representation on a vector space V of dimension 2n, σ will be the involution,
where J is the (2n) × (2n) anti-diagonal matrix (with respect to a basis of V that we will denote as {e 1 , · · · , e n , e n+1 , · · · , e 2n }):
We will take the representation of SL 2n (C) to be Λ n (V ) = Λ n (C 2n ) which we know is selfdual, thus invariant under σ. We will prove the following. 
Proof. Let ψ : Π → Π be the unique linear map such that,
such that ψ fixes the highest weight vector v 0 = e 1 ∧e 2 ∧· · ·∧e n ∈ Π. (We will work with the group of diagonal matrices in SL 2n (C) as the maximal torus, and the group of upper triangular matrices as the Borel subgroup of SL 2n (C) both of which are left invariant under σ.) It is easily seen that ψ 2 = 1, and we will content ourselves with calculating the trace of ψ (which we expect to find to be 2 n !), the twisted trace is exactly the same calculation.
Since σ leave T -invariant, it operates on characters of T , denoted as χ → χ σ . For i ≤ n, let χ i denote the character of T sending (t 1 , · · · , t n , · · · , t 2n ) to t i . Similarly, let η i denote the character of T sending (t 1 , · · · , t n , · · · , t 2n ) to t 2n+1−i . For I ⊂ E = {1, 2, · · · , n}, let χ I be the character χ I = I χ i . Similarly, define the character η J for J ⊂ {n + 1, n + 2, · · · , 2n}.
Any character of T appearing in Π is of the form χ I · η J for uniquely determined I, J with |I| + |J| = n.
Let w 0 = (1, 2n)(2, 2n − 1) · · · (n, n + 1) be the element in the Weyl group S 2n represented by conjugation of the element J on the diagonal torus T .
By the equation (1), a χ-eigenspace for the torus T goes to the (χ −1 ) w 0 -eigenspace under ψ. Writing χ = χ I · η J , we find that ψ preserves χ = χ I · η J , eigenspace of T if and only if:
Clearly, χ I ·η E−I is obtained from the character χ E be applying the element of (Z/2) n ⊂ S 2n which permutes e i and e 2n+1−i for all elements of I ⊂ E = {1, · · · , n}, and acts trivially on all other basis elements of V .
Next observe that if for an element w ∈ S 2n , σ(w) = w, as is the case for these elements coming from the subgroup (Z/2) n ⊂ S 2n , from equation (1), it follows that:
where we used the fact that ψ(v 0 ) = v 0 .
To conclude, either ψ permutes two different eigenspaces of T , or if it fixes an eigenspace (parametrized by (Z/2) n ) of T , it acts by 1 on it. This completes the proof of the assertion that the character of ψ is 2 n . The general twisted character too is calculated to be:
In this section we will focus attention on the pair (G, H) = (SL 2n (C), Spin 2n+1 (C)) which are related to each other through fixed points of a diagram automorphism on the bigger group, to be more precise, the L-group of H has an embedding into the L-group of G, with image which is the fixed points of a diagram automorphism on the L-group of G, see [KLP] for the precise statements.
We will follow the notations of the LiE software [LiE] for denoting representations of SL 2n (C) and Spin 2n+1 (C)).
Let ̟ i denote the highest weights of the fundamental representations realized on the i-th exterior powers of the standard representation V = C 2n , thus:
LiE software denotes an irreducible representation of SL 2n (C) by [a 1 , a 2 , · · · , a 2n−1 ] with a i integers ≥ 0, which stands for the irreducible representation of SL 2n (C) with highest weight
Since in our work we are looking only at selfdual representations, we will have:
thus, [a 1 , a 2 , · · · , a 2n−1 ] = [a 1 , a 2 , · · · , a n−1 , a n , a n−1 , · · · , a 2 , a 1 ].
Next we come to the spin group Spin 2n+1 (C). Let ̟ i , 1 ≤ i ≤ (n − 1) denote the highest weights of the fundamental representations realized on the i-th exterior powers of the standard representation V = C 2n+1 of Spin 2n+1 (C), and let ̟ n be the highest weight of the spin representation of Spin 2n+1 (C) (of dimension 2 n ), thus:
̟ 1 = e 1 ̟ 2 = e 1 + e 2 ̟ 3 = e 1 + e 2 + e 3 · ̟ i = e 1 + e 2 + · · · + e i · ̟ n−1 = e 1 + e 2 + · · · + e n−1 ̟ n = (e 1 + e 2 + · · · + e n )/2.
LiE software denotes an irreducible representation of Spin 2n+1 (C) by [a 1 , a 2 , · · · , a n ] with a i integers ≥ 0, which stands for the irreducible representation of Spin 2n+1 (C) with highest weight a 1 ̟ 1 + a 2 ̟ 2 + · · · + a n ̟ n .
We note the following lemma which implies that the transfer of representations between SL 2n (C) and Spin 2n+1 (C) preserves central characters (which are the finite order characters by which the center of these groups operate on the respective representations). The straightforward proof of the lemma will be omitted.
Lemma 1. A selfdual representation [a 1 , a 2 , · · · , a n−1 , a n , a n−1 , · · · , a 2 , a 1 ] of SL 2n (C) has central character of order ≤ 2, and has trivial central character if and only if a n is even.
The representation [a 1 , a 2 , · · · , a n−1 , a n ] of Spin 2n+1 (C) has central character of order ≤ 2, and has trivial central character if and only if a n is even.
Conjecture 1. Recall first that by Proposition 1, if for three irreducible representations of Spin 2n+1 (C) given by:
with corresponding selfdual representations of SL 2n (C), V 1 = [a 1 , a 2 , · · · , a n−1 , a n , a n−1 , · · · , a 2 , a 1 ]
We propose that if at least two of the three a n , b n , c n are nonzero, then the converse holds:
Remark 2. A special case of the Conjecture 1 asserts that if π 1 = [a 1 , a 2 , · · · , a n ] with a n odd, then
c n cannot be zero for central character reasons (calculated in Lemma 1).
Remark 3. A conjecture of Kapovich in [Kap] , the Saturation conjecture, part 3, at the very end of his paper, seems related to Conjecture 1 above, although we do not see any direct relationship between his work and ours since his work is for any reductive group whereas we are dealing with reductive groups with a diagram automorphism. Also, his conditions are related to 'regular highest weights', i.e., one which are not fixed by any nontrivial element of the Weyl group which in our notation for a representation [a 1 , · · · , a n−1 , a n , a n−1 , · · · , a 1 ] of SL 2n (C) will mean that each of the coefficients a i are nonzero, whereas our condition is only that a n is nonzero.
Remark 4. In this paper, we have tried to understand the relationship of multiplicities for selfdual representations of SL 2n (C) with those of Spin 2n+1 (C). Notice however that Sp 2n (C) ⊂ SL 2n (C) arises as the fixed points of a diagram involution defined using the symplectic structure on the underlying vector space V = C 2n which allows for natural choices (up to conjugation by Sp 2n (C)) for a Borel subgroup and a maximal torus in the two groups given by taking a basis {e 1 , e 2 , · · · , e n , e n+1 , e n+2 , · · · , e 2n } for V with e i , e 2n+1−i = 1, and all other products zero; the Borel subgroups in both Sp 2n (C) and SL 2n (C) is defined as the stabilizer of the flag:
{e 1 } ⊂ {e 1 , e 2 } ⊂ · · · ⊂ {e 1 , · · · , e n } ⊂ {e 1 , · · · , e n+1 } ⊂ · · · ⊂ {e 1 , · · · , e 2n }, and the tori in the two groups Sp 2n (C) and SL 2n (C) defined as the stabilizer of the corresponding lines {e i }.
Any highest weight for SL 2n (C) gives rise to a highest weight for Sp 2n (C), thus there is a natural map from the set of irreducible finite dimensional representations of SL 2n (C) to the set of irreducible finite dimensional representations of Sp 2n (C), denote this map of representations as π λ → V λ . Unlike our situation, the map π λ → V λ from the set of irreducible representations of SL 2n (C) to the set of irreducible representations of Sp 2n (C), is defined on all irreducible representations of SL 2n (C).
Theorem 23 of [BK] asserts that if π λ 1 ⊗ π λ 2 ⊗ · · · ⊗ π λm has a SL 2n (C) invariant vector, then so does the representation V λ 1 ⊗ V λ 2 ⊗ · · · ⊗ V λm of Sp 2n (C), seems related, but very different from ours! We refer to [Ku] for a survey of many other instances of similar relationships on multiplicities of tensor products on different groups, but different from the one considered in this work.
If π λ is a selfdual representation of SL 2n (C), given by highest weight λ 1 ≥ λ 2 ≥ · · · ≥ λ n ≥ −λ n ≥ · · · ≥ −λ 1 where we assume that [BK] has highest weight 2λ 1 ≥ 2λ 2 ≥ · · · ≥ 2λ n , whereas the representation of Spin 2n+1 (C) considered in this paper has highest weight λ 1 ≥ λ 2 ≥ · · · ≥ λ n .
Tensor product of two irreducible representations of SL 2n (C) typically decomposes with high multiplicities. Looking at our data on tensor products, we found a nice class of selfdual representations where multiplicity one seems to hold which is contained in the following conjecture.
Question 1. For the selfdual representations of SL 2n (C), V 1 = [0, 0, · · · , 0, a, 0, · · · , 0, 0] of highest weight a times that of Λ n (C 2n ), V 2 = [0, 0, · · · , 0, b, 0, · · · , 0, 0] of highest weight b times that of Λ n (C 2n ), (where a, b are positioned at the nth place with all other entries zero) V 1 ⊗ V 2 decomposes as a sum of distinct selfdual irreducible representations of SL 2n (C) each with multiplicity 1.
Example 1. For the representation V ̟n of SL 2n (C), V ̟n = [0, 0, · · · , 0, 1, 0, · · · , 0, 0] = Λ n (C 2n ), we have
where V i , for 0 ≤ i ≤ n, are the irreducible selfdual representations of SL 2n (C) with highest weights ̟ i + ̟ 2n−i , where we take ̟ 0 = 0. Under the correspondence of irreducible selfdual representation of SL 2n (C) with irreducible representations of Spin 2n+1 (C) that we are considering, the representation V i of SL 2n (C) with highest weight ̟ i + ̟ 2n−i corresponds to the irreducible representation of Spin 2n+1 (C) with highest weight ̟ i for i < n, but for i = n, the representation V n of SL 2n (C) with highest weight 2̟ n corresponds to the irreducible representation of Spin 2n+1 (C) with highest weight 2̟ n , thus to the representation Λ n (V ) where V is the standard (2n + 1) dimensional representation of SO 2n+1 (C).
Under the correspondence of irreducible selfdual representation of SL 2n (C) with irreducible representations of Spin 2n+1 (C) that we are considering, the representation V ̟n of SL 2n (C) corresponds to the Spinor representation of Spin 2n+1 (C), which let's denote by S n . We have the following well-known decomposition for the tensor product of the Spinor representation:
where V is the standard (2n+1) dimensional representation of SO 2n+1 (C), and the Λ i (V ) are the fundamental irreducible representations of SO 2n+1 (C) (or, Spin 2n+1 (C)) of highest weight ̟ i for i < n; finally Λ n (V ) is the irreducible representations of SO 2n+1 (C) (or, Spin 2n+1 (C)) of highest weight 2̟ n = (e 1 + e 2 + · · · + e n ). We thus see that in the decomposition (1) for SL 2n (C), each irreducible component appears with multiplicity 1, and is selfdual, and the decomposition (1) for SL 2n (C) and (2) for Spin 2n+1 (C) match perfectly as suggested by Proposition 1.
Example 2. For the representation V ̟ 1 +̟ 2n−1 of SL 2n (C), V ̟ 1 +̟ 2n−1 = [1, 0, · · · , 0, 0, · · · , 0, 1] = End (C 2n ) − C, and W any selfdual representation of SL 2n (C) given by: W = [a] = [a 1 , a 2 , · · · , a n , a n−1 , · · · , a 2 , a 1 ], we split the calculation of (V ̟ 1 +̟ 2n−1 ) ⊗ W into two cases:
(1) a n = 0. In this case, number of nonzero entries, say d, in [a] is odd, and (V ̟ 1 +̟ 2n−1 ) ⊗ W contains d distinct selfdual representations of SL 2n (C) which are not W each with multiplicity 1, and W itself appears with multiplicity d. This follows by calculating tensor product V ̟ 1 ⊗ W and then V ̟ 2n−1 ⊗ (V ̟ 1 ⊗ W ), and noting that
(2) a n = 0. In this case, number of nonzero entries, say d, in [a] is even, and (V ̟ 1 +̟ 2n−1 ) ⊗ W contains d selfdual representations which are not W , and W itself appears with multiplicity d, by an argument similar to the one used in the first case. In case 1, since the multiplicity of all selfdual constituents of (V ̟ 1 +̟ 2n−1 ) ⊗ W is odd, they appear in the corresponding tensor product (V ̟ 1 ) ⊗ W ′ of the Spin 2n+1 (C) where W ′ = [a 1 , a 2 , · · · , a n ].
In case 2, the representation W of Sp 2n (C) appears with even multiplicity in (V ̟ 1 +̟ 2n−1 )⊗ W , but the corresponding tensor product V ̟ 1 ⊗ W ′ of the Spin 2n+1 (C) where W ′ = [a 1 , a 2 , · · · , a n ] does not contain W ′ . Because the zero weight space of V ̟ 1 has dimension 1, V ̟ 1 ⊗ W ′ contains W ′ with multiplicity ≤ 1. But by Proposition 1, multiplicity of W ′ in V ̟ 1 ⊗W ′ has the same parity as the multiplicity of the representation W of SL 2n (C) in (V ̟ 1 +̟ 2n−1 ) ⊗ W which we have analyzed above to be even. Thus the multiplicity of W ′ in V ̟ 1 ⊗ W ′ must be zero. (This must surely have a direct proof!)
We end the section with a natural question about how many representations in the tensor product of selfdual irreducible representations for SL 2n (C) go missing in the corresponding tensor product for Spin 2n+1 (C).
Question 2. Define the height of a selfdual representation V = [a 1 , a 2 , · · · , a n , · · · , a 2 , a 1 ] of SL 2n (C) to be the maximum of the integers a i . Let π 1 = [a 1 , a 2 , · · · , a n ],
be three irreducible representations of Spin 2n+1 (C) with a n = b n = 0 with corresponding selfdual representations of SL 2n (C), V 1 = [a 1 , a 2 , · · · , a n−1 , a n , a n−1 , · · · , a 2 , a 1 ]
Call a triple of such irreducible selfdual representations (V 1 , V 2 , V 3 ) of SL 2n (C) (with a n , b n = 0) to be missing if 1 SL 2n (C) ⊂ V 1 ⊗ V 2 ⊗ V 3 , but 1 Spin 2n+1 (C) ⊂ π 1 ⊗ π 2 ⊗ π 3 . Then is it true that (considering only selfdual representations V 1 , V 2 , V 3 of SL 2n (C) below),
Presumably, the proof of saturation conjecture due to Knutson and Tau, cf. [KT] allows one to calculate the asymptotic behavior (as a polynomial in X) of the number of irreducible (not necessarily selfdual)
Next one would want to do similar asymptotic estimates for number of selfdual representations
Our data are quite insufficient to predict these asymptotic behaviours (degree of the polynomial in X, and the leading term) for which there might well be an existing theorem, though we have not seen one.
THE PAIR (SL 2n+1 (C), Sp 2n (C))
In this section we will focus attention on the pair (G, H) = (SL 2n+1 (C), Sp 2n (C)) which are related to each other through fixed points of a diagram automorphism on the bigger group, to be more precise, the L-group of H has an embedding into the L-group of G, with image which is the fixed points of a diagram automorphism on the L-group of G, see [KLP] for the precise statements.
We will continue to follow the notations of the LiE software for denoting representations of SL 2n+1 (C) and Sp 2n (C)).
Let ̟ i denote the highest weights of the fundamental representations of SL 2n+1 (C) realized on the i-th exterior powers of the standard representation V = C 2n+1 , thus:
̟ 1 = e 1 ̟ 2 = e 1 + e 2 ̟ 3 = e 1 + e 2 + e 3 · ̟ i = e 1 + e 2 + · · · + e i · ̟ 2n = e 1 + e 2 + · · · + e 2n .
The LiE software denotes an irreducible representation of SL 2n+1 (C) by [a 1 , a 2 , · · · , a 2n ] with a i integers ≥ 0, which stands for the irreducible representation of SL 2n+1 (C) with highest weight a 1 ̟ 1 + a 2 ̟ 2 + · · · + a 2n ̟ 2n .
[a 1 , a 2 , · · · , a 2n ] = [a 2n , a 2n−1 , · · · , a 1 ], thus, [a 1 , a 2 , · · · , a 2n ] = [a 1 , a 2 , · · · , a n−1 , a n , a n , a n−1 , · · · , a 2 , a 1 ].
Next we come to the symplectic group Sp 2n (C). Let ̟ i , 1 ≤ i ≤ (n − 1) denote the highest weights of the fundamental representations realized on a subspace of the i-th exterior powers of the standard representation V = C 2n of Sp 2n (C), thus: ̟ 1 = e 1 ̟ 2 = e 1 + e 2 ̟ 3 = e 1 + e 2 + e 3 · ̟ i = e 1 + e 2 + · · · + e i · ̟ n−1 = e 1 + e 2 + · · · + e n−1 ̟ n = (e 1 + e 2 + · · · + e n ).
The LiE software denotes an irreducible representation of Sp 2n (C) by [a 1 , a 2 , · · · , a n ] with a i integers ≥ 0, which stands for the irreducible representation of Sp 2n (C) with highest weight a 1 ̟ 1 + a 2 ̟ 2 + · · · + a n ̟ n .
We note the following lemma whose straightforward proof will be omitted.
Lemma 2. A selfdual representation [a 1 , a 2 , · · · , a n , a n , · · · , a 2 , a 1 ] of SL 2n+1 (C) has trivial central character.
The representation [a 1 , a 2 , · · · , a n−1 , a n ] of Sp 2n (C) has central character of order ≤ 2, and has trivial central character if and only if a 1 + a 3 + a 5 + · · · is even.
Conjecture 2. Recall first that by Proposition 1, if for three irreducible representations of Sp 2n (C) given by: π 1 = [a 1 , a 2 , · · · , a n ],
with corresponding selfdual representations of SL 2n+1 (C), V 1 = [a 1 , a 2 , · · · , a n−1 , a n , a n , a n−1 , · · · , a 2 , a 1 ]
We propose that if at least two of the three a 1 , b 1 , c 1 are nonzero, and the central character of the representation π 1 ⊗ π 2 ⊗ π 3 of Sp 2n (C) is trivial, then the converse holds:
We note the following curious proposition.
Proposition 5. If the central character of the representation π 1 ⊗ π 2 ⊗ π 3 , (given by Lemma 2) of Sp 2n (C) is nontrivial, then for the corresponding representation
Proof. Because of central character consideration, m Sp 2n (C) [π 1 , π 2 ⊗π 3 ] = 0. On the other hand, by Corollary 1,
The proof of the proposition is therefore clear.
7. SOME QUESTIONS RELATING B n , C n AND A 2n , A 2n+1
In many ways although the groups Spin 2n+1 (C) and Sp 2n (C) are similar, their tensor products tends to be quite different. However, we noticed experimentally an interesting class of examples where the tensor products agree. We pose this as a question. In this question, we parametrize representations of both the groups -just as before -by an n-tuple of non-negative integers a = [a 1 , a 2 , · · · , a n ], denoted as V a for Spin 2n+1 (C) and W a for Sp 2n (C) as done in the last section.
Question 3. For integers k ≥ 0, let V k = [k, 0, 0, · · · , 0] be the irreducible representations of Spin 2n+1 (C), and W k = [k, 0, 0, · · · , 0] be the irreducible representations of Sp 2n (C). Then for any two non-negative integers k, ℓ, both the representations V k ⊗ V ℓ of Spin 2n+1 (C) and the representations W k ⊗ W ℓ of Sp 2n (C) decompose with multiplicity 1. Further,
(1) If n > 2, the irreducible constituents of the two tensor products are the same, i.e.,
and only if W a for a = [a 1 , 2a 2 ] appears in W k ⊗ W ℓ (and the second co-ordinate of a for any W a ⊂ W k ⊗ W ℓ is even).
The assertion that the representations W k ⊗W ℓ of Sp 2n (C) decompose with multiplicity 1 is a simple consequence of the fact that for the natural action of Sp 2n (C) on C 2n ⊕ C 2n , for any Borel subgroup B ⊂ G = Sp 2n (C) × (C × × C × ), where the two C × correspond to scaling on the two copies of C 2n (inside C 2n ⊕ C 2n ), B has an open orbit on C 2n ⊕ C 2n . But this argument does not apply, at least immediately, to prove multiplicity 1 for V k ⊗ V ℓ .
The above question is closely related to the following question on special linear groups.
Question 4. For integers k ≥ 0, let V k = [k, 0, 0, · · · , 0, 0, k] be the irreducible selfdual representation of SL 2n (C), and W k = [k, 0, 0, · · · , 0, 0, k] be the irreducible selfdual representation of SL 2n+1 (C). Then for any two non-negative integers k, ℓ, irreducible selfdual representations of SL 2n (C) which appear with odd multiplicity inside the representation V k ⊗ V ℓ of SL 2n (C) are in bijective correspondence with irreducible selfdual representations of SL 2n+1 (C) which appear with odd multiplicity inside the representation W k ⊗ W ℓ of SL 2n+1 (C) given by the correspondence:
[a 1 , a 2 , · · · , a n , a n−1 , · · · , a 1 ] ←→ [a 1 , a 2 , · · · , a n , a n , a n−1 , · · · , a 1 ], if n > 2, in which case all a i , i > 2 are zero. If n = 2, then [a 1 , 2a 2 , a 1 ] ←→ [a 1 , a 2 , a 2 , a 1 ].
Further, under the above correspondence, multiplicities (we are only looking at odd multiplicities) are preserved.
Question 5. It is natural to ask if for any semi-simple group G, there is an infinite pair of irreducible representations V α , W α such that V α ⊗ W α decomposes with multiplicity 1? For all the classical groups GL(V ), SO(V ), Sp(V ), Sym k (V ) provides such examples where Sym k (V ) ⊗ Sym ℓ (V ) decomposes with multiplicity 1 (in the case of SO(V ) one considers the irreducible submodule of Sym k (V ) of highest weight ke 1 ). Presumably the stronger question: if there is an infinite family of representations whose restriction to maximal torus decomposes with multiplicity ≤ 1 has a negative answer for any simple group other than SL n (C).
SAMPLE COMPUTATIONS
Tables representing sample computations. We use the following notations in the two tables below (Table 1 and 2 ).
• The row and column headers {a 1 , a 2 } in Table 1 represent the irreducible selfdual representations of SL 4 (C) which were earlier represented by [a 1 , a 2 , a 1 ] = a 1 ̟ 1 + a 2 ̟ 2 + a 1 ̟ 3 , with ̟ i the i-th fundamental weight. Similarly, the row and column headers {a 1 , a 2 , a 3 } in Table 2 represent the selfdual representations [a 1 , a 2 , a 3 , a 2 , a 1 ] = a 1 ̟ 1 + a 2 ̟ 2 + · · · + a 1 ̟ 5 of SL 6 (C). • For the cell appearing in the row corresponding to a representation V and column corresponding to a representation W , there are 4 numbers: n 1 n 4 n 2 n 3 , where n 1 : number of representations of SL 2n (C) appearing in the tensor product V ⊗W . n 2 : number of selfdual representations of SL 2n (C) appearing in the tensor product V ⊗ W . n 3 : number of representations of Spin 2n+1 (C) appearing in the tensor product of the representations of Spin 2n+1 (C) corresponding to V ′ and W ′ . n 4 : number of selfdual representations of SL 2n (C) in the tensor product V ⊗ W , such that the corresponding representation of Spin 2n+1 (C) is not appearing in the tensor product of the corresponding representations. 9, 3, 0, 3, 9] , of irreducible selfdual representations of SL 6 (C) which decomposes with 178101 irreducible representations (with various multiplicities not discussed in the table), out of which only 1569 are selfdual. The corresponding tensor product [8, 7, 0] ⊗ [9, 3, 0] of Spin 7 (C) has 1414 entries, thus there are n 4 = 155 many irreducible selfdual representations of SL 4 (C) which go 'missing' in Spin 7 (C).
There are similar conclusions of for representations V = [a 1 , a 2 , a 3 , a 2 , a 1 ] and W = [b 1 , b 2 , b 3 , b 2 , b 1 ] of SL 6 (C) when for both, the middle terms a 3 = b 3 = 0. • If v = [1, 0, 0, 0, 1], then for any w = [b 1 , b 2 , b 3 , b 2 , b 1 ] there is exactly one representation is missing if and only if b 3 = 0. In such case, the missing representation is necessarily w. This is a special case of the Example 2 above.
Special case of representations of the form [m, 0, 0, 0, m]. Here, we consider the tensor product of the representations of the form V m = [m, 0, 0, 0, m] and V n = [n, 0, 0, 0, n] of SL 6 (C). Here is a summary of some of the observations made regarding the tensor product V m ⊗ V n of SL 6 (C) and the corresponding tensor product of the representations W m = [m, 0, 0] and W n = [n, 0, 0] of Spin 7 (C).
• total number of distinct irreducible representations in V m ⊗V n is at most (m+ 1) 3 , for all n ≤ 2m. Further, for n = m, this number is equal to m(2m 2 +1) 3 . • total number of distinct selfdual representations in V m ⊗ V n = (n + 1) 2 , for all n ≤ m. • total number of distinct selfdual representations in V m ⊗ V n missing in the corresponding tensor product in Spin 7 (C) is = n(n+1) 2 for all n ≤ m. • V p ⊂ V m ⊗V n (where V i = [i, 0, 0, 0, i] is an irreducible representation of SL 6 (C)) if and only if m − n ≤ p ≤ m + n. • W p ⊂ W m ⊗W n (where W i = [i, 0, 0] is an irreducible representation of Spin 7 (C)) if and only if m − n ≤ p ≤ m + n and p has the same parity as m + n.
Our next table is the summary of some results about the tensor products for the selfdual irreducible representations of SL 5 (C) using the notation {a 1 , a 2 } = [a 1 , a 2 , a 2 , a 1 ] = a 1 ̟ 1 + a 2 ̟ 2 + a 2 ̟ 3 + a 1 ̟ 4 , otherwise we use the same notation as in earlier tables, except with the important difference that now n 2 represents the number of selfdual representations of SL 5 (C) represented say by [c 1 , c 2 , c 2 , c 1 ] with c 1 of the same parity as that of a 1 + b 1 which is the central character condition which appears in Lemma 2. The table now compares tensor products of irreducible selfdual representations of SL 5 (C) with those of Sp 4 (C).
Comments on the table 3.
• Observe that just as in table 1, and table 2, n 4 is often zero in this table too as predicted by Conjecture 2. For example, the columns corresponding to {5, 9} or row corresponding to {9, 7} has n 4 identically zero by Remark 2. In fact if the first entry is odd, either in a row or in a column, then n 4 identically zero by Remark 2. • In this table too we find that either n 4 equal to zero, or (comparatively) very small value for n 4 except for the bottom corner entry corresponding to tensor product where both row and column vector have first entry 0, for example [0, 7, 7, 0] ⊗ [0, 9, 9, 0], of irreducible selfdual representations of SL 5 (C) which decomposes with 5342 irreducible representations (with various multiplicities not discussed in the table), out of which only 64 are selfdual. The corresponding tensor product [0, 7] ⊗ [0, 9] of Sp 4 (C) has 28 entries, thus there are n 4 = 28 many irreducible selfdual
